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Abstract. Let Ti and T2 be Bieberbach groups contained in the full isometry 
group G of R n . We prove that if the compact flat manifolds ri\K n and 
T2\IR n are strongly isospectral then the Bieberbach groups T\ and T2 are 
representation equivalent, that is, the right regular representations L 2 (Ti\G) 
and L 2 (T2\G) are unitarily equivalent. 



1. Introduction 

Let X = G/K be a homogeneous Riemannian manifold where G = Iso(X) is the 
full isometry group of X and where K C G is a compact subgroup. Let G denote 
the unitary dual group of G. Let Ti and T2 be discrete cocompact subgroups 
of G acting on X without fixed points. The right regular representation i?r ; on 
L 2 (I\\G) splits as a direct sum 

(1.1) L 2 (T l \G)= ]T n ri (n)H n 

(7r,H„)eG 

where all the multiplicities nr^) of 7r in L 2 (Ti\G) are finite and only countably 
many are not zero. The groups Fi and T2 are called representation equivalent if 
the representations Rr 1 and i?r 2 are equivalent, that is, nr 1 (it) — nr 2 (ir) f° r every 
TT e G. 

A generalized version of Sunada's theorem (see |Go09[ §3] and the references 
therein) says that if the groups Ti and Y2 are representation equivalent, then the 
compact manifolds ri\X and I^X are strongly isospectral, that is, for any natural 
bundle E of X and for any natural operator D acting on sections of E, the associated 
operators Dr x and £>r 2 acting on sections of the bundles Ti\E and I^-E have the 
same spectrum. 

One may ask whether the converse holds. Actually, little is known about this 
problem. In [Pe95 , H. Pesce proved that the converse is true for spherical space 
forms (X = S n ) and for compact hyperbolic manifolds (X — H n ). Our goal is to 
complete the picture within the class of spaces of constant curvature, by extending 
Pesce's result to the flat case (X — R"). 

In his proof, Pesce only used the isospectrality with respect to certain natural 
operators. More precisely, for (r, V T ) £ K, one associates the vector bundle E T = 
G x T V T (see 321). Thus, the Laplace operator acting on sections of E T induces the 
operator &. T ,Ti an( l ^r,r 2 acting on sections of Ti\E T and T2\E T respectively. We 
will say that the manifolds Ti\A and T2\A are r -isospectral if these operators have 
the same spectrum. 
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In our case, the isometry group of X = R™ is G = 0(n) k M. n and a discrete 
cocompact subgroup of G acting without fixed points is usually called a Bieberbach 
group. We state the theorem in a way analogous to that in [Pc95 . 

Theorem 1.1. Let Ti and T 2 be Bieberbach groups contained in the full isometry 
group G of W 1 . The following assertions are equivalent: 

(1) Ti and T 2 are representation equivalent. 

(2) ri\K™ and I^yiR™ are strongly isospectral. 

(3) ri\K™ and I^M™ are t -isospectral for every r 6 K . 

As we mentioned above, H])=>([2]) is well known and (J2J) ((3j holds trivially. It 
suffices to show ([2])=>([I]) (see page [5]). The techniques used here are similar to 
those in [LMR12] . where the p-spectrum of any constant curvature space form is 
determined in terms of the multiplicities in (|l.ljl . 

The author wishes to express his thanks to Roberto Miatello and Juan Pablo 
Rossetti for their active interest in the publication of this paper and for several 
useful comments and corrections. 



2. Preliminaries 

2.1. Irreducible representations of orthogonal groups. In this subsection we 
describe the unitary dual group of the orthogonal group 0(?i). Furthermore, we 
recall the branching laws to 0(n — 1). 

We write n = 2m if n is even or n = 2m + 1 if n is odd. We fix the Cartan 
subalgebra of so(n, C) as f) = jlf = Y^jLi ihj{E2j-i,2j — ^2j,2j-i) : hj S C j . For 
H G f), set £j(H) — hj for 1 < j < m. The highest weight theorem gives a one-one 
correspondence between the irreducible representations of SO(n) and the elements 
in 7- > (SO(n)), that is, the dominant analytically integral linear functionals on f). 
The correspondence being that A is the highest weight of the representation. Wc 
have 



V{SO(2m + 1)) = < E a i £ i :a t e2Vj, a x > a 2 > ■ ■ ■ > a m > 

U=i 

( m 

V{SO{2m)) — < E a i £ i '■ a i S Z Vi, a± > ■ ■ ■ > a m -i > \a m \ 



For A G V{n), let (ta,V\) denote the irreducible representation of SO(n) with 
highest weight A. 

We now describe the irreducible representations of the full orthogonal group 
O(n) in terms of the irreducible representations of SO(n). We let 

{— Id n if n is odd, 

r., 1 thus O(n) = SO(n)U ff0 SO(n). 

" _1 _, if n is even, 

It suffices to define the representations of O(n) on each connected component. 

This description is simpler when n is odd. For A G "P(SO(2m + 1)) and 5 = ±1 
we define a representation (ta,«5, Va) of 0(2m + 1) by setting 



TA,s(g){v) 



T A (g)(v) if. 9 GSO(2m+l), 
STA(gog)(v) if g G g SO(2m + 1). 



These representations are irreducible and every irreducible representation can be 
constructed in this way, thus 

(2.2) 0{2m~+ 1) = {t A j : A G P(SO(2m + 1)), 5 G {±1}} . 
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When n is even, we have 

( m 

(2.3) 0(2m) = t a ,s : A = £ a, £l G P(S0(2m)), a m = 0, S G {±1} 



(J |ta,o : A - £ oj Si G P(SO(2m)), a m > o| 



We will not need the explicit definition of the representation ta,s (see |LMR12[ 
Subsection 2.2] for more details), but we should say that the parameter S depends 
on certain intertwining operator T\ (see |Pe951 p. 372] and LMR12, eq. (2.7)]). We 
shall need only the following properties: 

}t a if a m = 0, J T A -s <8>det, 

T~A,5 SO(2m) = < ^ .„ „ T A,<5 — < , 

[t a ©t x ifo m >0, \t as . 

Here, A = Ya=i a % £ i ~ a m £ m if A = ^Z^Li a * £ *- 

We conclude this subsection by stating the branching laws from O(n) to 0(n— 1). 

Theorem 2.1. Lei ta.5 € 0(2m) with A = X)"=i a » £ i an d & £ {0, ±1}- If a m > 
(resp. a m — 0), then 7"A,i|o(2m-l) = S "m.ki where the sum is over all (i — 
Y^iLi 1 bi£i such that 

a\ > h > a 2 > b 2 > ■ ■ ■ > a m -i > &m-i > a m 
and any k G {±1} (resp. a single value of k G {±1}^. 

Theorem 2.2. Le£ ta,5 € 0(2m + 1), where A = X)I™=i a * £ i anc ^ ^ ^ {^1}- Then 
TA,5|o(2m) — S where the sum is over all fi — Ylj—n biEi such that 

o-i > b± > a 2 > b 2 > ■ ■ ■ > CL m -i > b m -\ > a m > 6 m > 

and, a single value of k G {±1} if b m — or k — if b m > 0. 

Note that in both cases the branching is multiplicity free, that is, the multiplicity 
Wh,k ■ ta,s] := dimo(n-i)(W CT , V T ) is always equal to or 1. 

2.2. Unitary dual of Iso(]R n ). Here we describe the unitary irreducible represen- 
tations of O(n) k R™ ~ Iso(E n ) (see |LMR121 §4] for more details). We write any 
element g G O(n) k R n as g = BLf,, where B G O(n) is called the rotational part, 
and Lfc denotes translation by b G K". From now on, we fix the following notation: 

G = 0(n) x R n , 

(2.4) K = 0(n), 

M = {( B dct(B) ) : B e K} . 

An element (r, W T ) G if induces a representation f of G on W r given by 

T(BL b )(w) =t(B)(w). 

In other words, r = r ® Idw T ■ Clearly, r is finite dimensional, unitary and irre- 
ducible. 

We identify K n with M™ via the correspondence a i-> £ Q (-) = e 2jr ^ Q ' '' for 
a G M". Under the notation given by (12. 4p . given r > and (cr, V a ) E M, we 
consider the induced representation of G given by 

{■K a ^,H a ^) := Ind^R„ (cr ® £ re J. 
It is well-known that 7r CT)Q is unitary and irreducible. 
Finally, a full set of representatives of G is given by 

(2.5) G = |r : r G i?} U {tt^ : cr G M, r > oj . 
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3. Main Theorem 

In this section we prove Theorem 11.11 We still use the notation in (|2.4j) for the 
groups G, K and M , and {ei, . . . , e„} denotes the canonical basis of R n . 

We recall some notions about homogeneous vector bundles (see |Wa731 §5.2] 
or [LMR121 Subsection 2.1]) on K" and compact flat manifolds. Let (t, V t ) be a 
unitary representation of K of finite dimension. The homogeneous vector bundle 
E T = G x T V T of X is constructed as G x V T j ~ where (x,v) ~ (xk, r(k~ 1 )v) for 
every k G K. The space of smooth section r°°(E T ) of E T is in correspondence with 
the set C°°(G;t), the smooth functions / : G — V V r such that f(xk) — r(k~ 1 )f(x) 
for every k G K and x £ G. The element 

C := e? + • • • + e 2 n G U(q) 

defines a differential operator A T on r°°(i? r ). For example, if r = 1, the trivial 
representation of K, then 

1 <9a; 2 dx 2 ' 

is just the Laplace operator on R™. 

The quotient T\E T is a homogeneous vector bundle over the compact flat man- 
ifold F\M n , and again, the element C defines a differential operator A Ti r acting 
on the sections of T\E T . We extend this operator to L 2 (F\M"; r), the completion 
of T°°(T\E T ) with respect to a canonical inner product. Given Li and F2, two 
Bieberbach groups in G, the spaces Fi\R™ and L2\M™ are said to be t '-is 'spectral 
if At-^j^ and A Ti r 2 have the same spectrum. 

We now determine the r-spectrum for any r G K as in [LMR12] . We shall use 
the following notation: 

i ^ ' X - thus G = G 0)U G cr) 

\ G(a) = U a>r :r>0} (a 6 M), 

Theorem 3.1. Let r £ K and A G R. XTie multiplicity d\(r 1 F) 0/ A m t/ie spectrum 
of A T r *s given by 



(3.1) d A (r,r) = 4 



if X < 0, 

nr(r) if A = 0, 



n r(7r CT)VX/2OT ) i/A>0. 

^crGM: [ct:t|k]>0 

Proof. For any locally symmetric space we have that (see [LMR121 Prop. 2.4]) 
(3.2) d A (r,r)= £ n r (7r)[r* : 7r|*]. 



MC,tt) = A 



Note that the sum is already over the elements in G T » = G T := {7r G G : [t : 7t|a-] > 
0}, since t* ~ r. Since To|if = To for any r G .ftT, it follows that G r fl G(0) = {r}. 
On the other hand, [t : 7iv )r |i<-] = [r : Ind^(cr)] = [a : t\m] by Frobenius reciprocity. 
Then 



r|if]>0 



The branching rules given in Theorems 12.11 and 12.21 give a complete description of 
G r in terms of highest weights. Moreover, they also ensure that [r : tt\k] = 1 for 
every tt G G r . 
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Finally, by Schur's lemma, the element C acts by a scalar A(C, tt) on each H v . 
We have (see [LMR121 Lem. 4.2]) 

(3 ' 3) A(C '" H \4.V for^veGW, 

which concludes the proof. □ 

We are now in position to prove the main theorem. 
Proof of Theorem We have to prove that 
(3.4) n Tl (tt) = nr 2 (tt) 

for every tt G G, by assuming that d\(r, T\) = d\(r,T^) for every A G R and every 
t G K . From (|3.ip for the eigenvalue A = 0, it follows that (|3.4p holds for every 
tt G 8(0). 

It remains to prove that, for any a G M, (|3.4j) holds for every 7r G G(cr). We 
shall do this by the repeated application of the following lemma. We write n = 2m 
if n is even and n = 2m + 1 if n is odd. For /ii = E,-— i &i£i and \x 2 = Y)7Li Ci^i 
in V(SO(n)) with 6 m ,c TO > 0, we write /ii < /12 if £i2 — Ml G 7- , (SO(n)), that is, 
Ci - 61 > c 2 - 62 > • • • > c m - b m > 0. 

Lemma 3.2. Let Ti and T 2 be Bieberbach groups in G and let /io G V(SO(n — 
1)). If Ti\R n and T 2 \R n are T^ s-isospcctval and ?2r 1 (7r) — jiy 2 {j^^) fov every 
71 e U A1 < Mo then n Fl (Tr) = n r2 (n) for every tt G G(a^ 0yK ). 

Proof. Write fi = E™ 1 h l e l and let A = E™ 1 h l e l e 7>(SO(n)). Theorems O and 
12.21 ensure that [<r MiK : 7~a,<5 \ m } > if and only if /t — Ei=i c t £ i satisfies 

h > ci > 6 2 > c 2 > • • • > b m > c m > 0, 
and for a single value of K G {0, ±1}. Now, by p. II) we have that 

d 47r 2 r 2(rA^ ±5 ,r 4 ) = n r( (7r CT(to±reo)r ) + n r< (^o- fl , ±KtI ,r) 

for every r > 0. It is clear that, if [<J^ K : t\,s\m} > then /j, = or /j, < /j,q. 
Hence n.r 1 (7r<7- fl0 ±« ,r) = n r 2 ( 7r cr M0 ±« ,r) f° r every r > since we are assuming that 
^47r 2 r 2 (^A,±5,ri) = d^2 r 2(T A ^ ±s ,T 2 ) (r^^-isospectrality) and nr 1 (v.±« (J ,'-) = 
^r 2 ( 7r o- tI ±„ ,r) f° r every /t < /j,q and every r > 0. □ 

We first apply Lemma EO to /zq = 0, thus p.4[) holds for every 7r G G(cro, K ). 
Actually, this was proved in |Pe961 Prop. 3.2 (c)]. 

Now, applying Lemma 13.21 for /io = E\ we have that (|3.4I) holds for every tt G 
G(cr £llK ) since /i = is the unique /i G V(SO(n)) such that /i < /iq = e\. Now for 
/io = 2ei, we have that p. 41) holds for every it G G(cr2ei , ft), and proceeding in this 
way, we obtain that (|3.4p holds for every 7r G U^=i G(ab 1EltK ). 

Thus, if n < /io := £1 + £2 then /i = or E\, hence Lemma [XU implies that (|3.4[) 
holds for every 7r G G(cr ei + e2!K ). Similarly, if /t < /io := 2ei + £2 then /i = 0, £1, 2ei 
or £1 + £2. All of them having been considered, we thus conclude that (|3.4[) holds 
for every tt G G(a 2ei+e2tK ) by Lemma RT2l We continue in this fashion obtaining 
that (pT3|) holds for every 7r G LC=i G(cr 6iei+e2!re ). 

We can now proceed analogously for /io = 2ei + 2£2, then for /io = 3ei + 2£2, 
and in general for /io = b\E\ + 2£2 (61 > 2), obtaining that p. 41) holds for every 
7r G U&^=2 G , (cT6 iei+ 2e 2 ,'i)- Following in this way allows us to show that p. 41) holds 
for every tt G G(a biei+ll2e2tK ) for any h > b 2 > 0. 
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Repeated application of Lemma 13.21 enables us to obtain that (|3.4I) holds for 
every 7r G {J ae ^G(<r), which concludes the proof. □ 
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